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Abstract 

Aiming at the model uncertainty in system and vulnerability to external environment disturbance             
for the quadrotor UAV in field flight, this article uses the following ideas to solve them. Firstly,                 
use the Newton-Euler method to establish the system model. Then, according to the inner and               
outer loop control structure, use the attitude command of the output of outer loop position               
controller as the input of inner loop attitude controller. This paper concentrates to designing of               
sliding mode observer controller. In addition, the stability of position subsystem proved by             
Lyapunov theory, the resulted conclusion state that the error converges to zero in finite time.               
Finally, the simulation of fixed-point control shows that the controller has fast response speed,              
anti-interference performance, and can track quickly and accurately. 
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I. Introduction  

In the recent years, unmanned aerial vehicles (UAV’s) are widely used. The UAV falls into               
different sizes and different classes [1]. The UAV’s are used for civilian purpose e.g.              
(atmospheric observation & insecticide spraying) and for military purpose e.g. (communication           
& targeting the point) as well. The UAV falls into two major classes (i) Multi-Rotors (ii)                
Fixed-Wing. The quadrotor is also called multi-rotor helicopter that is propelled by the four              
rotors [2]. Quadrotor/ quadcopters are classified as rotorcraft. The quadrotor has various            
advantages due to its simple structure and low weight. The main characteristics of quadrotor              
UAV are high mobility, low cost and vertical take-off and landing [3]. Quadrotor UAV are               
widely used for aerial photography, transportation, patrolling and protection. Quadrotor can           
apprehend fast and precise tracking control of under actuated system because it is multi-variable,              
non-linear and highly coupled [4] and [5]. Presently, the quadrotor UAV is a hot topic from the                 
research point of view. The concept has transformed from linear control to non-linear control.              
The typical linear control system such as a proportional, integral, derivative (PID) control has              
many advantages such as easy to implement, modest controller design etc. The disadvantage is              
only when an external disturbance is added [6]. The technique for using non-linear control              
systems e.g. sliding mode control, adaptive control, backstepping control is to overcome the             
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deficiencies of the linear control system [7-10]. When the deficiencies are overcome, the system              
has good robust performance and dynamic tracking performance. The main advantage of using             
non-linear control method is that it allows the model to be inaccurate [11]. One thing kept in                 
mind while designing the control signal is that the system state reserved in sliding mode control                
(SMC), with the help of selected SMC, the dynamic performance of the system govern. The               
response of the system is insensitive to external disturbances and uncertainty when the system is               
in the sliding mode. Easily understand the referred state of quad-rotor UAV, the adaptive sliding               
mode (ASM) algorithm implemented. The virtual control law designed with the help of ASM in               
[12]. The main characteristic of linear sliding mode function is that the union of the system state                 
is asymptotic at the equilibrium position [13]. The switching control idea is used to pact with the                 
convergence only for the singularity problem. Still, there is no assurance that state error harshly               
touches the zero point. By considering the abovementioned problems that are uncertainty and             
external disturbance, a non-linear model of quadcopter/quadrotor UAV designed. The model           
consists of inner and outer loop control structure. The inner loop consists of cascade controller               
and the outer/external loop contain sliding mode observer position controller for four kinds of              
control. In this article, the position control of the rotor are deliberated. The main advantage of                
using sliding mode control observer (SMCO) is that is limits the system state error. Similarly, it                
has the advantage that it removes the singularity problem and strict converge the state error to                
zero. The above manuscript is divided in to five sections i.e. section II, defines the model of quad                  
rotor UAV. In section III, demonstrates the designing of controller, which followed by section              
IV in which simulation results are discussed. Lastly, the whole article concluded in section V.  

II. Mathematical model 

The quad-rotor UAVs have two kinds of structures, which are responsible for the attitude              
measurements; there is not much difference between these two structures. The x-shaped            
structures under the four rotors are involved in the attitude control, in which the torque becomes                
large, the controllable margin increases [14]. In this paper, the mathematical model of x-shaped              
quad-rotor developed based on the kinematics and dynamics equations of the UAV. Following             
are the assumptions used in establishing the mathematical model of the UAV.  

1. The aerial vehicle is a symmetrical rigid body.  
2. The origin in the body coordinate system coincides with the geometric center of the four               

rotors. 
3. The resistance and gravity of the body is independent on the flight attitude. 
4. The upward force or the thrust generated by each motor is proportional to the square of                

the motor speed. 

The movement of the aerial vehicle in three dimensions is a rigid body with 6-DOF, which can                 
be divided into translational motion and rotational motion. On the basis of above assumptions, in               
order to facilitate the designing of the kinematic model of the aircraft two coordinate system are                
selected. The Earth’s coordinate system and fixed body coordinate system. The position of the              
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UAV in the Earth’s coordinate system is defined as , the attitude angles with         ξ = (X , , )Y Z T      
respect to geographic coordinate system is . According to Newton Euler method,      Ω = (φ, , )θ ψ T

      
the equations of translational motion in Earth’s coordinate system are discussed (1). The upward              
force or the lift i.e.   produced by the rotors is defined in figure 1., F , ,F 1  2 F 3 F 4  

 

Fig. 1: Model of quad-rotor UAV [15]. 

The translational motion equation for the UAV is: 

ξF = F T − F g − F f = m¨     (1) 

Where F is the resultant force produced by the four rotors in space, is the lift or thrust             F T       
produced by the rotors, is the weight of four rotors and is the air resistance    F g = (0, , g)0 m T         F f      
acting on the rotors. Where is the mass of the UAV. represent the     m""        ξ = (X , , )Y Z T    
translational motion of the UAV, defined for the acceleration of the four rotors. Now we can     ξ̈             
assume that the lift generated by each motor is directly proportional to the square of each motor                 
speed. The upward lift generated by the four propellers is perpendicular to the surface of the                
body, the combined lift force of all the motors is converted into Earth’s coordinate system by the                 
rotation matrix.  

In the geographic coordinate system, the air resistance and flight speed of the quad-rotor are               
directly proportional to air resistance coefficient ( ) of the three axis respectively. The      , ,kx ky kz        
translational equations of motion for the geographic coordinate system are: 
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                  (2) 

The torque of the aircraft includes rotor torque, air resistance torque, and gyroscopic torque.              I  
represent the moment of inertia. The weight and structure of a quad-rotor is assumed by the                
previous symmetry, so , E is the third order matrix. are three axis   I , , )EI = ( x Iy Iz        , ,Ix Iy Iz     
rotation inertia which are constants. Where is the angular momentum of the      L , , )L = ( x Ly Lz        
quad-rotor to its centroid, is the total external torque acting on the centroid    M , , )M = ( x M y M z           
and the angular velocity of the UAV is denoted by . The rotational equations for          ω , , )ω = ( x ωy ωz      
the motion of quad-rotor according to angular momentum theorem discussed below.  

(3) 

The angular momentum of the aerial vehicle on its center of mass is equal to the product of the 
moment of inertia and the aangular velocity, therefore can be obtained: 

 
 

  (4) 
 
Now,  defines the roll moment, yaw moment and pitch moment. Therefore, theU , U , U )( 1  2  3  
torque generated by the rotor is:  

  (5) 
Where is the distance between the centers of propeller to the center of the UAV is the l                M 1    
total torque and is the inverse torque factor of the motor. In the previous hypothesis, the air   kd                
resistance of the airframe was not affected by the flight attitude, visual air resistance torque is                
proportional to the angular velocity of the posture among them were four rotor drag          , , kkφ kθ  ψ      
torque coefficient. In this article, the attitude angle of the aircraft and the rotation rate is very                 
small; therefore, it can be consider that the rotation angular velocity is equal to attitude angular                
velocity on the three axes of the body coordinate system. The rotational motion equations for the                
flight-controller of UAV are as follows [16]; 
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 (6) 
 
The model will simplify now by ignoring the influence of air gravity and helical torque. The 
fixed body coordinates spindle rotational inertia difference can be obtained by UAV’s power 
equations [17]; 

 

 (7) 
 
III. Designing of controller  

In this research article, as discussed earlier the outer and inner loop used to design the                
quadcopter control system. Figure 2 shows the control block diagram of the system.  

 

Fig. 2: Quad Control Block Diagram 

In figure 2, the subscript shows the expected/anticipation value. Rotor model of UAV can              
simplify the transfer function (T.F) of the filter about 1.05% where is          /T sΩi = Ωc,i m + 1   T m   
the response time constant of motor. During the flight of UAV, consider the small change of                
attitude angle at the point . The yaw angle and the position obtained by the     ωΘ̇ =      ψc     pc     
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reference trajectory. The attitude controller gives the attitude value . The position controller         φc     
generates the altitude force and the angle . The position taken by the attitude controller,    f c     θc         
which controlled by these equations; 

(8) 

Formerely, the altitude and attitude command can be calculated as: 

(9) 

Consider that the simpilifictaion of the model, change or airflow and anaccuate parameters of the               
system would thirsty the system. The translation mathematical model of quadrotor UAV can be              
given as: 

(10) 

 

IV. Design of sliding mode observer 

The second order general form of the position and attitude fault objects can be written as: 

(11) 

In equation (11), repreents the systems state vectors, the continous diffrentiable   [y , y ]1  2
T          

functions are and , is the bounded fault and is the constant. The sliding mode  f (y)   g (y)  f a       α        
observer can be designed as 

(12) 

sign sign V signV 1 = β1 (e )1 , V 2 = β2 (V )1 ,  3 = β3 (e )3 (13) 
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In the above-mentioned equation (12) and (13), ,  and  are the stuffs to be designed;V 1 V 2 V 3  
,  and  are the parameters to be designed; the actual value of state  is β1 β 2 β3 y1 e1 = y1 − ŷ1  

which represents the error among the measured value ;   signify  the error amongẏ1 e3 = α1 − α̂1  
the actual disturbance and observed value. The sliding mode observer consist of three states ,ŷ1  

 and . The symbol function  is substituted by its smooth form ŷ2 α̂ igns ign /( Y )s (Y ) = Y | | + ∆  
to avoid the chattering taking  ..001∆ = 0   
 
Proof:  
The error system attain by subtracting equation (11) from (12) 
 

, e , e  ė1 = e2 − V 1  ˙2 = f a + e3 − V 2  ˙3 = α − V 3 (14) 

In the equation (14),  represent the error among the actual value and observed valuee2 = y2 − ŷ2  
and verifies .  is the normal number.ye|| 2

|
| ≤ γ1 ˆ2 γ1  

Step 1  

Define  as the estimation error of the upper bound , then there is . Selectγ̃1 = γ1 − γ̂2 e2 −γ̃̇ = γ̂̇  
the Lyapunov candidate function i.e.  
 

e γv1 = 2
1 2

1 + 1
2δ1 1

−2 (15) 

In the abovemrntioned equation,  is the normal number. Deriving equation (15) andδ1  
subsituting equations (13) and (14) we get  

γ γv̇1 ≤ (γ )1 − β1 e|| 1
|
| − 1

δ1
˜1 ˆ̇ 1 (16) 

Assume ,  is the normal number. By subsituting equation (16), weβ1 = γ̂1 + ε1 εγ̂̇1 = δ1 e|| 1
|
| ,  1  

attain  representing that  & its derivative are in step 1 which reaches the 0− |e |≤0v̇1 = ε1 1 e1  
point  in the design. Therefore, , formerly .e2 → V 1 sign(e )V 2 = β2 2  

Step 2 

Consider the Lyapunov candidate function as . The derivative is attained byev15 = 2
1 2

2  
 where . Choosing the Lyapunov candidate function(f )v̇15 = e2 a + e3 − V 2 f |≤γ| a + e3 2   

γv2 = v15 + 1
2δ2

˜2
2 (17) 

Deriving equation (17) and substituting equations (13) and (14) we get 
 

γ γv̇2 ≤ (γ )2 − β2 e|| 2
|
| − 1

δ2
˜2 ˆ̇ 2 (18) 
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Assume ,  is the normal number. By subsituting equation (18), weβ2 = γ̂2 + ε2 εγ̂̇2 = δ2 e|| 2
|
| ,  2  

attain  representing that  & its derivative are in step 2 which reaches the 0− |e |≤0v̇2 = ε2 2 e2  
point  in the design. Therefore, .f a + e3 → V 2  

 

Step 3  

Define  as the estimation error of the upper bound of the external disturbanceγ̃3 = γ3 − γ̂3  
change, then there is . Select the Lyapunov candidate function i.e.−γ̃̇3 = γ̂̇3   

 

e γv3 = 2
1 2

3 + 1
2δ3

˜2
3 (19) 

Deriving equation (19) and substituting equations (13) and (14) we get 
 

γ γv̇3 ≤ (γ )3 − β3 e|| 3
|
| − 1

δ3
˜3 ˆ̇ 3 (20) 

Assume ,  is the normal number. By subsituting equation (20), weβ3 = γ̂3 + ε3 εγ̂̇3 = δ3 e|| 3
|
| ,  3  

attain  representing that  & its derivative are in step 2 which reaches the 0− |e |≤0v̇3 = ε3 2 e3  
point  in the design. Therefore, .f â ≈ V 2  

 

V. Simulation results and analysis  

In this section, the purpose of simulation experiments is to simulate the system over a fixed                
point. It is proved that the designed sliding mode position controller is better than the tradtional                
one. It also has a fast convergence speed. The controller can track the desired state with small                 
tracking error and with better anti-interference ability. Table 1 shows the sliding mode controller              
parameters.  
 
 

Table 1: The parameter of quadrotor are as follows 
.8 g = 9 m

s2  
 

.180 md = 0  
 
.59kgm = 2  
 

.256e  N /(rad/s)kT = 1 − 5 2  
 

.648e  N .m/(rad/s)kQ = 1 − 7 2  
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.770e  kg.mJ x = 1 − 2 2  
 

.77e  kg.mJ y = 1 − 2 2  
 

.2120e  kg.mJ z = 3 − 2 2  
 
.156 sT m = 0  
 

 

There are two types of sub models of quadrotor UAV (i) inner loop (ii) outer loop. The first one                   
is for attitude control and the other is for altitude control. When these both models/loops are                
combined, results in successful flight as per required position and direction. The rotational sub              
system is used to control and stabilize the initial errors. With the certain oscillations, the               
switching of input among the steady and transient state set between 0 to 2 sec. Figure 3c shows                  
the hovering scenario with required altitude. The translational and rotational velocity           
components are shown in the figure 4 and 5 respectively. The further positional axis are equal to                 
0. For each simulation, the sampling time was 0.2 sec. The maximum time for each simulation is                 
10 sec.  

 

 

(a) 

 

(b) 

 

(c) 
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Fig.  3 (a, b, c): The position of UAV  

Initially, there are many oscillations in the attitude angles as shown in the simulation results. When the 
desired input command is given, it converges to zero after some seconds. With the help of trim point 
condition, the altitude of quadrotor UAV is locked at about 1m. Figure 4 and 5 shows that due to no 
moment in flights dynamic, the velocity components go to zero.  

 

(a)                                                                          (b) 

 

(c) 

Fig.  4(a, b, c): The translational velocity components 

 

(a)                                                                             (b) 
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     (c) 

Figure 5 (a, b, c): The rotational velocity components 

VI. Conclusion 
In this research article, it is verified that the non-linear behavior of quadrotor UAV is controlled                
by the designed control algorithm. The required altitude and the hovering state are attain by the                
inner and outer control loops. The simulation results proved the validity of the controller and               
shows how efficient the designed algorithm is. It is also observed that the hovering state is                
achieved with best steady state response. Lastly, the quadrotor quickly converges to the required              
path in limited time.  
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